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I. INTRODUCTION
Scalar-tensor(ST) theories of gravity can be formulated in an infinite number of equivalent frames related by conformal rescalings of the spacetime metric. Among all conformally related frames the Jordan frame(JF) and the Einstein frame (EF) are distinguished [1] .
Although the JF and the EF formulations of a given ST theory provide mathematically equivalent descriptions of the same physics, the physical equivalence of these descriptions is under discussion (for an exhaustive review on the subject see [2] ). Moreover, most authors on the subject share the conviction that only one of the conformally related frames is the 'physical frame'. Other admit that JF and EF formulations of ST theory provide just two different descriptions of the same physics but, they claim, that only one of both JF and EF metrics is the 'physical metric', i.e., the metric that is measured with clocks and rods made of ordinary matter [3] .
Among those that share the viewpoint of the non-physical equivalence of JF and EF formulations, it does not exists a unified criterion about which frame is the physical one [1, 2] ; some authors of this group choose the JF as the physical frame for the ordinary matter is minimally coupled to the JF metric, other reject this choice using energy arguments: the scalar field kinetic energy is negative definite, or indefinite in the JF, implying that, in this frame, the theory does not have a stable ground state, while in the EF the scalar field possesses a positive definite kinetic energy [2] . We feel this remains an open question.
In this paper we shall develop a viewpoint on this subject that is based upon a postulate about the physical equivalence of conformally related representations of the given physical situation in Brans-Dicke(BD)-type theories of gravitation, which automatically solves the aforementioned discussion. The cosmological consequences of this viewpoint for general relativity(GR) will be presented and its implications for the low-energy limit of string theory outlined.
This paper has been organized as follows. In section II we present the class of 'Weyl-type' geometry that is naturally linked with BD-type theory, to be studied in section III. In section IV we present a postulate about the physical equivalence among conformal representations of the given physical situation. The cosmological implications of our viewpoint for general relativity with an extra scalar field are discussed in section V. In section VI we briefly discuss on the low-energy limit of string theory. Conclusions are given in section VII.
II. CONFORMAL GEOMETRIES
A natural generalization of Riemannian geometry can be reached, following Weyl [4] , by discarding the requirement of length preservation. In correspondence with this, we shall call as 'Weyl-type' geometry the class of geometries based upon the postulates of vector transplantation:
and length transplantation:
where ξ a are the components of an arbitrary vector ξ in the coordinate basis, γ a bc are the affine connections of the manifold, and f is some scalar function given on the manifold. We have used the definition g(ξ, ξ) ≡ g nm ξ n ξ m . Postulates (2.1) and (2.2) together lead that the affine connections of the manifold are related to the Christoffel symbols of the metric g:
Metric relationships on the Weyl-type manifold are given by the line element ds 2 = g nm dx n dx m and by the length transplantation relationship for him: d(ln(ds)) = − 1 2 dx n ∇ n f . One of the most salient features of Weyl-type geometry is that under the conformal rescaling of the metric: (2.4) and the scalar function redefinition:f
the postulates (2.1) and (2.2) keep unchanged:
e., Weyl-type geometry is a class of conformally related geometries. Riemann geometry is a particular member of this class for which f = lnφ, i.e.:f = 0, that is based upon the postulates of vector transplantation:
and length preservation:
In Weyl-type spacetimes given by the postulates (2.1) and (2.2), units of measure behave in an unusual way: they change length when transported from one spacetime point to another. In the special case of Riemann geometry, units of measure are constant over the manifold.
III. BRANS-DICKE-TYPE THEORY
The JF Lagrangian for BD-type theories is given by:
where R is the Ricci scalar, φ is the BD scalar field and ω is the BD coupling constant (a free parameter). Under the conformal rescaling of the metric (2.4) and the field redefinition:φ = lnφ, the JF Lagrangian for BD-type theory (3.1) is mapped into the EF Lagrangian:
whereR is the curvature scalar given in terms of the EF metricĝ. Respecting interactions with matter in BD-type theory, only two possibilities seem to be physically interesting and reasonable [1]: 1. Matter minimally couples to the metric in JF:
where L matter is the Lagrangian density for the matter fields. Theory given by (3.3) is just the JF formulation of BD gravity [5] . In this case the resulting JF spacetime manifold is naturaly linked with Riemann geometry and, correspondingly, units of measure (in particular atomic masses) are constant over the manifold. 2. Matter minimally couples to the metric in the EF:
Riemann geometry with constant units of measure is now linked with spacetimes due to the EF Lagrangian (3.4). In this case the scalar fieldφ is minimally coupled to curvature so the dimensional gravitational constant G is a real constant. At the same time, due to the minimal coupling between ordinary matter and the spacetime metric, test particles rest masses are constant too over the manifold. This leads that the dimensionless gravitational coupling constant Gm 2 (h = c = 1) is a real constant, unlike BD theory where Gm
Einstein's general relativity with a scalar field as an additional matter source of gravity. Forφ = const. or ω = − 3 2 we recover usual Einstein's theory. Under the rescaling (2.4) Lagrangian (3.3) is mapped into the EF Lagrangian for BD theory:
while (3.4) is mapped into:
that is the JF Lagrangian for GR theory. Both Lagrangians (3.5) and (3.6) are linked with Weyl-type geometry. In particular, under (2.4), Riemann geometry with constant units of measure linked with Lagrangian (3.4) and based upon postulates (2.6) and (2.7), is mapped into a Weyl-type geometry with variable units of measure based upon postulates (2.1) and (2.2) with f = lnφ, i.e., EF formulation of GR theory is naturally linked with Riemann geometry, while its JF formulation is naturally linked with Weyl-type geometry. For BD theory just the contrary is true.
IV. PHYSICAL EQUIVALENCE OF CONFORMAL REPRESENTATIONS
JF and EF formulations of the given metric theory of gravitation (GR, BD and, in general, ST theory) and, correspondingly, geometrical representations of the physical world they lead are experimentally undistinguishable. In mathematical language: physical experiment is not sensitive to the conformal rescaling of the spacetime metric (2.4), that can be interpreted as a transformation of the units of measure [6] . It is due to the fact that physical experiments are only sensitive to dimensionless combinations of dimensional constants; measurements of dimensional quantities always represent their ratio to some standard units [7] . As an illustration to this, take the measurement of the energy E of a given physical system. That one really measures in experiments is the number n of times the unit of energy E 0 fits into the quantity being measured: E = nE 0 , i.e., the dimensionless quantity E/E 0 .
Our line of reasoning leads to the following conclusion that can be raised to the category of postulate: the laws of gravitation can be expressed in an infinite number of conformally equivalent, Weyl-type geometries, leading to an infinite set of different but physically equivalent representations of the same physical situation. Each such conformal representation possesses its own physically meaningful (measurable) magnitudes.
This postulate automatically resolves the discussion about the physical equivalence between the JF and EF formulations of ST theory: these are, among an infinite number of conformally equivalent pictures, just two different but physically equivalent representations of the same physical situation.
Respecting the viewpoint which selects the metric in that frame where it is minimally coupled to the matter fields as the 'physical metric' [3] , we should realize that the criterion about the minimal coupling between the metric and the matter fields for selecting the 'physical metric' is valid only when working in Riemann geometry and, as we already noted, JF and EF rest upon different geometries: if the one is linked with Riemann geometry, the other is linked with Weyl-type geometry so, such a criterion is meaningless in this case. Maximum one can assert about this subject is that, if g is the physical metric in the JF then, its conformally relatedĝ = φg is the physical metric in the EF: both JF and EF representations possess their own physically meaningful (measurable) metric properties. Spacetimes due to the JF formulation of general relativity, BD gravity or ST theories in general, and those due to their EF representations, should be studied on equal footing for they provide physically equivalent pictures of the physical world.
We shall share some reflections about the viewpoint developed in this section. According to this viewpoint there is an infinite number of conformal, physically equivalent formulations of general relativity, BD theory and, in general, ST theory, among which EF and JF representations are distinguished. Given a physical spacetime metric g in one of these equivalent formulations, the physical metric in any other formulation of this equivalence class can be reached by conformally transforming g with a properly chosen conformal factor. In other words, the physical interpretation of a
it with the situation takes place in general relativity with the model for spacetime, i.e., the pair (M, g) where M is a connected four-dimensional Hausdorff C ∞ manifold and g is a Lorentz metric on M. In this case we have that [8] the model for spacetime is not just one pair (M, g) but a whole equivalence class of all pairs (M , g ) which are diffeomorphic to (M, g). In this sense Einstein's field equations define the metric only up to an equivalence class under diffeomorphisms. This comparison, however, should not be taken too much seriously for conformal rescalings of the metric are not spacetime diffeomorphisms.
V. JORDAN FRAME GENERAL RELATIVITY AND THE COSMOLOGICAL SINGULARITY
In this section we shall study the cosmological implications of our viewpoint for GR theory. General relativity with an extra scalar field is given, in the EF, by the Lagrangian (3.4). We consider a homogeneous isotropic universe given by the flat Friedmann-Robertson-Walker (FRW) EF line element (we use coordinates (t, r, θ, ϕ)):
whereâ(t) is the EF scale factor, and dΩ 2 ≡ dθ 2 + sin 2 θdϕ 2 . Suppose the universe is filled with a perfect-fluid-type matter with the barotropic equation of state (in the EF):p = (γ − 1)ρ, 0 < γ < 2. Taking into account the line element (5.1) and the barotropic equation of state, the field equations derivable from (3.4) can be reduced to the following equation for determining the EF scale factor 1 :
where C 1 and C 2 are arbitrary integration constants. While deriving eq. (15) we have taken into account that:
and the matter density:ρ
the dot means derivative with respect to the EF proper time t.
If we introduce the time variable:
then eq.(5.2) can be readily integrated to give:
where we have defined α ≡ . The scalar fieldφ can be found from eq.(5.3):
1 We consider ω ≥ − 3 2 because, for ω < − 3 2 , the kinetic term of the BD scalar fieldφ in the EF has a negative energy.
while the mass density is given by eq.(5.4):
The EF curvature scalarR = 8π(4 − 3γ)ρ − (ω +
2φ
2 ) can be explicitely written as:
With the help of eqs.(5.6-5.9) we see that flat FRW perfect-fluid-filled universe evolves, in the EF, from a cosmological singularity at the beginning of time η = η 0 , into an infinite size universe at the infinite future η = +∞. It is the usual picture in general relativity where the cosmological singularity is unavoidable. Now we shall interested in the physically equivalent JF representation of the situation studied. The relevant magnitudes in the JF can be gained from (5.6), (5.8) and (5.9) by means of the conformal rescaling of the metric (2.4):
This solution is valid for any ω = − 
For big η η 0 :
this means that as η → +∞, τ → +∞. For η → η 0 , for his part:
that, in the '+' branch of our solution (given by the choice of the '+' sign in eq.(5.7)), is valid for any β = 3 (ω = − 4 3 ). In this last case for β = 3 we have: When we work in the '-' branch of the solution given by (5.10-5.12), we obtain that the JF flat FRW perfect-fluidfilled universe evolves from a curvature singularity at the beginning of time τ = τ 0 (R = ∞) when the universe had zero size and its matter density was infinite, into an infinite size universe at the infinite future.
When we work in the '+' branch, for hist part, in the range − 3 2 < ω ≤ − 4 3 (3 ≤ β < ∞), the universe evolves from an infinite size at the infinite past (τ = −∞) into an infinite size at the infinite future (τ = +∞), through a minimum is well behaved for all times so there is no curvature singularity, nor in the past, nor in the future.
For ω = − 3 2 we obtain the following solution in the EF 2 :
We shall interested in the '+' branch of the solution (given by the choice of the '+' sign in eq.(5.18)) for, in the '-' branch, the evolution of the universe in the JF is basically the same as in the EF. The relevant magnitudes in the JF are found to be:
and
The proper time t in the EF and τ in the JF are related through:
For big t (t → +∞) this gives: . This last integral diverges for t → 0 (x → ∞). This way for t → 0, τ → −∞, while for t → +∞, τ → +∞.
Then, when ω = − 3 2 , the flat FRW perfect-fluid-filled universe evolves from an infinite size at the infinite past into an infinite size at the infinite future through a bounce at t * = [
αγ where it reaches its minimum size: We must compare this result with that obtained in ref. [10] for BD theory given by the JF Lagrangian (3.3), where the cosmological singularity is avoided only in the following regions of the parameter space: region VII in fig.5 of ref. [10] given by 3 − 
VI. THE LOW-ENERGY LIMIT OF STRING THEORY
Finally we shall outline some implications of the present viewpoint for the low-energy limit of string theory. It is rooted the belief that in the Planck energy scales gravity is not driven by Einstein's general relativity, but by some of its scalar-tensor modifications. In particular the low-energy theory of the fundamental string contains the BD theory given by the basic Lagrangian (3.1) with ω = −1.
Actually, for pure dilaton gravity we have:
where R is the Ricci scalar of the four-dimensional external spacetime and ϕ is the dilaton field. Under the field redefinition φ = e −2ϕ , the Lagrangian (6.1) can be transformed into (3.1) with ω = −1. When matter fields are present, then the dilaton gravity is given by [11] :
This Lagrangian can not be reduced to the corresponding Lagrangian for Brans-Dicke theory (3.3) with ω = −1 by the redefinition φ = e −2ϕ , because the non-minimal coupling between the matter Lagrangian L matter and the dilaton field ϕ in (6.2). Only for a = 1 there is not coupling between L matter and the dilaton, and the Lagrangian (6.2) can be succesfully transformed into the corresponding BD Lagrangian (3.3) [11] . However, other values for a (a = 1) are also available and should be taken into account. In particular, when a = −1, eq.(6.2) can be transformed into (3.6) with ω = −1 that is the JF Lagrangian for GR theory, given in the EF by:
When solitonic degrees of freedom such as p-branes are taken into account, then the effective Lagrangian can be written as BD Lagrangian (3.3) with ω given by [12] : . If one assumes that, in the regime of Planck length curvature, gravity is described by general relativity with an extra scalar field, given in the JF by the Lagrangian (3.6) with ω given by (6.4) (D = 4), and considering the gas of solitonic p-brane as a perfect fluid with the barotropic equation of state [10] , then one can conclude that the cosmological singularity can be avoided in some cases (in particular for 0-brane and for the instanton), while for the funadmental string (1-brane) the cosmological singularity is unavoidable because the value ω = −1 falls outside the range − 
VII. CONCLUSIONS
The viewpoint developed in this paper, based on a postulate about the physical equivalence of conformal representations of the given physical situation, leads that, in the frame of general relativity, both EF picture with the cosmological singularity and JF picture without then (for the given range of the parameters: − 3 2 ≤ ω ≤ − 4 3 , 0 < γ < 2) are physically equivalent. They provide different geometrical representations of the same physical situation: in the EF picture, atoms masses as well as the gravitational constant G are constant over the spacetime manifold, while in JF they vary from point to point in spacetime, in such a way as to preserve Gm 2 = const.. The advantages of the viewpoint developed in the present paper are clear when, in at least one of the conformally equivalent pictures, spacetime singularities vanish. In this case one can work with anyone of these physically equivalent pictures, nevertheless, when one approaches the singularity one is constrained to work, precisely, in that conformal frame where the singularity vanishes, in order to get a physically meaningfull description of the world.
AKNOWLEDGEMENT
We thank MES of Cuba by financial support.
